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: 

Abstract. We consider the problem of conditioning the Brownian excursion to have a 
fixed time average over the interval [0, 1] and we study an associated stochastic partial 
differential equation with reflection at and with the constraint of conservation of the 
^ . space average. The equation is driven by the derivative in space of a space-time white 

noise and contains a double Laplacian in the drift. Due to the lack of the maximum 
, principle for the double Laplacian, the standard techniques based on the penalization 

method do not yield existence of a solution. 
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1. Introduction 

t-H ■ 

The aim of this paper is to construct a stochastic evolution, whose invariant measure 
is the law of the Brownian excursion (eg, 6 G [0, 1]) conditioned to have a fixed average 
f egd0 = c>0 over the interval [0,1]. 

Since the distribution of the random variable eg d9 is non-atomic, and the Brownian 
excursion is not a Gaussian process, it is already not obvious that such conditioning is 

^ i ■ well defined. The first part of the paper will be dedicated to this problem: we shall write 

down the density of the random variable L eg d6 and a regular conditional distribution of 
. the law of (eg, 6 G [0, 1]), given /„ eg d6. The same will be done for the Brownian meander 

(mg,9e [0,1]). 

After this is done, we shall turn to the problem of constructing a natural stochastic 
dynamics associated with the constructed conditioned laws. We recall that a stochastic 
dynamics whose invariant measure is the law of the Brownian excursion has been studied 
in [8] and [10], where a stochastic partial differential equation with reflection and driven 
by space-time white noise is proven to be well posed and associated with a Dirichlet form 
with reference measure given by the law of the Brownian excursion. 

In the present case, we shall see that a natural dynamics with the desired properties 
solves a stochastic partial differential equation of the fourth order with reflection and 
driven by the derivative in space of a space-time white noise: 



- 1—1 

X 



du d 2 ( d 2 u \ rz d 
~dt = ~~d^ \ W 



u(t,0)=u(t,l) = ^(t,0) = ^(t,l)=0 
, u(0,9) = x(9) 
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where W is a space-time white noise on [0, +00) x [0,1], u is a continuous function of 
(t,9) S [0, +00) x [0,1], 7] is a locally finite positive measure on (0, +00) x [0,1], subject 
to the constraint: 



u > 0, / udr) = 0. (1.2) 

i(0,+oo)x[0,l] 

This kind of equations arise as scaling limit of fluctuations of conservative interface models 
on a wall, as shown in [12], where however different boundary conditions are considered. 

Indeed, notice that the boundary conditions in (jl.l|) are mixed, i.e. Dirichlet for u and 
Neumann for -q^. In [6] and [12] a similar equation, with Neumann boundary conditions for 

u and has been studied, together with the scaling limit of interface models mentioned 
above. In that case it was possible to prove pathwise uniqueness and existence of strong 
solutions for the SPDE. In the case of (jl.lh we can only prove existence of weak solutions, 
since we have failed to obtain a uniqueness result: see subsection 12.61 below. 

The dynamics is anyway uniquely determined by a natural infinite-dimensional Dirichlet 
form on the path space of the Brownian excursion, to which it is associated. See Theorem 
[2731 below. 

We also notice that the Brownian meander (mg,6 S [0, 1]) conditioned to have a fixed 
average and the density of L mg dO appear in an infinite-dimensional integration by parts 
formula in [6l Corollary 6.2]. 

2. The main results 
In this section we want to present the setting and the main results of this paper. 

2.1. Conditioning the Brownian excursion to have a fixed time average. Let 

(et, t E [0, 1]) be the normalized Brownian excursion, see [9], and (fit, t S [0, 1]) a Brownian 
bridge between and 0. Let {m, m, b} be a triple of processes such that: 

(1) m and fh are independent copies of a Brownian meander on [0, 1] 

(2) conditionally on {m, rh}, b is a Brownian bridge on [1/3, 2/3] from A= mi to rh\ 

We introduce the continuous processes: 

1 -.mat, t€ [0,1/3] 



Vt 



V3 

bt, 
1 

vt, 



t€ [1/3,2/3], 

mi_ 3 t, t€ [2/3,1], 

t G [0,1/3] U [2/3,1] 



(2.1) 



v t c 

v t + 18(9t(l — t) — 2) 1 r 
Notice that V t c dt = c. We set for all u £ C([0, 1]): 

UJl + UJ2 

p c {uj) := exp { -162 [ / ~ (u r + Wi_ r ) dr -\ ^ — ^ 



t G [1/3,2/3]. 



(2.2) 



3 ( 



LOl 



> . 



The first result of this paper is 
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Theorem 2.1. Setting for all c > 

P(e,l){c) =: 27 yj E [p C (V C )hv{>0, VtS[0,l]} 

and /or aZZ bounded Borel $ : C([0, 1]) i— ► R and c > 

E [*(e) | (e, 1) = c] := -1 E [$ (y c ) p c (y c ) 1 { ^ C > 0> vte[0 , 1]} 

where Z c > is a normalization factor, we have 

(1) p/ e i) is the density of (e, 1) on [0,oo), i.e. 

P((e, 1) G dc) = P( e ,i)(c) l {c > 0} dc. 
Moreover P( ei i) is continuous on [0,oo), P( e) i)(c) > /or aZZ c G (0, oo) and 
P(e,l>(°) = -' 

(2) (P [e G • | (e, 1) = c] , c > 0) is a regular conditional distribution of e given (e, 1), 
i.e. 

P(e G • , (e, 1) G dc) = P [e G • | (e, 1) = c] p (e ,i)(c) l {c>0 } dc. 

In section [9] below we state and prove analogous results for the Brownian meander. 

2.2. Two Hilbert spaces. For the study of the stochastic partial differential equation 
we need to introduce some notation. We denote by (•, -}l the canonical scalar product 
in L 2 (0,1): 

(h,k) L := / h e k e d0. 



We denote by A the realization in L 2 (0, 1) of <9| with Neumann boundary condition at 
and 1, i.e.: 

D(A) := {/i£ff 2 (0,l): h' (0) = h' (1) = 0} , A := (2.3) 

Notice that A is self-adjoint in L 2 (0, 1). We introduce a notation for the average of h G 
L 2 (0,1): 

7^ := / = (M>L- 
JO 

Then we also set for all c G M: 

L 2 := {/i G L 2 {0,1) : h = c} 
Now we define the operator Q : L 2 (0, 1) L 2 (0, 1): 



Qh{6) 



j q(9, a) h a da, where : 
J o 



q(9,cr) := 9 A a + - 9 - a + ^, 9,<re [0,1]- 

Then a direct computation shows that for all h G L 2 (0, 1): 

(Qh,l) L = (h,l) L , -AQh = h-h, 

i.e. Q is the inverse of —A on Lq and conserves the average. Then we define H as the 
completion of L 2 (0, 1) with respect to the scalar product: 

(h,k) H := (Qh,k) L . 
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For all c £ R we also set: 

H c := {h£H: (h, 1) H = c} . 

We remark that H is naturally interpreted as a space of distributions, in particular as the 
dual space of -ff 1 (0, 1). 

We also need a notation for the realization in L 2 (0, 1) of d 2 with Dirichlet boundary 
condition at and 1, i.e.: 

D{A D ) := {h e H 2 (0, 1) : h(0) = h{l) = 0}, A D := J^. (2.4) 
Notice that Ad is self-adjoint and invertible in L 2 (0, 1), with inverse: 



Q D h{9) = (-A D y l h(6) := [ (9 Act -9a) h a da, 0e[O,l]. 

Jo 



(2.5) 



2.3. Weak solutions of (jl.ip . We state now the precise meaning of a solution to (jl.ip . 

Definition 2.2. Let u G C([0, 1]), u > 0, ft u > 0, u (0) = u (l) = 0. We say that 
(u,r],W), defined on a filtered complete probability space (f2, P, Tt), is a weak solution 
to (EJP on [0, T] if 

(1) a.s. u £ C((0, T] x [0, 1]), u > and u £ C([0, r]; F) 

(2) a.s. it t (0) = ut(l) = /or all t > 

(3) a.s. rj is a positive measure on (0, T] x (0,1), suc/i that r/([5,T] x [5, 1 — 5]) < oo 
/or all 5 > 

(4) (W(i, #)) is a Brownian sheet, i.e. a centered Gaussian process such that 

E [W(t, 9) W{t', 9')] = t A t' ■ 9 A 9\ t,t'>0, 9, 9' £ [0, 1] 

(5) no a^rf W are independent and the process 1 1— ► (ut(9), W(t, 9)) is (Tt)-adapted for 
all 9 G [0, 1] and / interval in [0, 1] 

(6) /or a// /i E C 4 ([0, 1]) such that h'(0) = h'(l) = h"(0) = h"(l) = and for all 
< 5 < t < T: 

(u t ,h) L = {us,h) L -J (u s ,A D Ah) L ds 

- [ [ Ah g rj(ds,d9)-V2 [ [ h' e W(ds,d9) (2.6) 

J 6 JO J 5 Jo 

(7) a.s. the contact property holds: supp(?7) C {(t, 9) : ut(9) = 0}, i.e. 

udr] = 0. 

(0,T]x[0,i] 

2.4. Function spaces. Notice that for all c £ R, H c = cl + Hq is a closed affine subspace 
of H isomorphic to the Hilbert space Hq. If J is a closed affine subspace of H space, we 
denote by Cb(J), respectively C^(J), the space of all bounded continuous functions on J, 
resp. bounded and continuous together with the first Frechet derivative. We also denote 
by Lip(J) the set of all (p G Cb(J) such that: 

h^k \\h — k\\j 



MLip(j) := sup \J_ k »" < oo. 
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Finally, we define Exp A (H) C Cb(H) as the linear span of {cos((/i, •)#), sin((/i, ■)#) : h G 
I>(A D A)}. 

To (/? G C^(H C ) we associate a gradient V# </7 '■ H c *— > J?o> defined by: 



y?(fc + eft) 

ae 



= (V Ho <p(k), h) H , VkeA, he H . (2.7) 

e=0 



The important point here is that we only allow derivatives along vectors in Ho and the 
gradient is correspondingly in Ho. In particular, by the definition of the scalar product in 
H, each tp G ~Exp A (H) is also Frechet differentiable in the norm of L 2 (0, 1); then, denoting 
by V<y? the gradient in the Hilbert structure of L 2 (0, 1), we have 

VhoV = (~A)V<p, V if G Exp A (#). (2.8) 

2.5. The stochastic dynamics. We are going to state the result concerning equation 
{HQ). We denote by X t : ffl - 00 ! i-> il the coordinate process and we define 

v c := P [e G • | (e, 1) = c] = law of e conditioned to have average c, 

which is well defined by Theorem 12.11 We notice that the support of v c in H is 

K c := closure in H of {/i G L 2 (0, 1) : > 0, (/j, 1) L = l} , 

and the closed affine hull in H of K c is H c . 

Then the second result of this paper is 

Theorem 2.3. Let c> 0. 

(a) The bilinear form £ = £ Vc ,\\-\\h 9^ ven by 

£{u,v) := / (V Ho u,Vh v)h dv c , u,v€Cl(H c ), 
Jk c 

is closable in L 2 {v c ) and its closure (£,D(£)) is a symmetric Dirichlet Form. 
Furthermore, the associated semigroup (Pt)t>o in L 2 (y c ) maps L°°(z/ C ) in Cb{K c ). 

(b) For any uo = x G K c n C([0, 1]) there exists a weak solution (u, rj, W) of (II. ip such 
that the law of u is ¥ x . 

(c) u c is invariant for (Pt), i.e. v c (Ptf) = v c {f) for all f G Cb(K c ) and t > 0. 

By Theorem 12. 3\ we have a Markov process which solves (jl.ip weakly and whose invariant 
measure is the law of e conditioned to have average equal to c. 

2.6. Remarks on uniqueness of solutions to (jl.ip . We expect equation (jl.ip to have 
pathwise-unique solutions, since this is typically the case for monotone gradient systems: 
this is always true in finite dimensions, see [3], and has been proven in several interesting 
infinite-dimensional situations, see [8] and [6]. In the present situation, the difficulty we 
encountered in the proof of uniqueness of (jl.ip is the following: because of the boundary 
condition u(t, 0) = u(t, 1) = and of the reflection at 0, it is expected that the reflecting 
measure r] has infinite mass on ]0,T] x [0, 1]; this is indeed true for second order SPDEs 
with reflection: see |11| . If this is the case, then it becomes necessary to localize in ]0, 1[ in 
order to prove a priori estimates; however, in doing so one loses the crucial property that 
the average is constant. In short, we were not able to overcome these two problems. 
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3. Conditioning e on its average 



3.1. An absolute continuity formula. Let (ATt)tg[o,i] be a continuous centered Gauss- 
ian process with covariance function qt tS := E[XtX s ]. We have in mind the case of X 
being a Brownian motion or a Brownian bridge. In this section we consider two processes 
Y and Z, both defined by linear transformations of X, and we write an absolute continuity 
formula between the laws of Y and Z. 

For all h in the space M([0, 1]) of all signed measures with finite total variation on [0, 1] 
we set: 

Q : M([0, 1]) i->- C([0, 1]), QX(t) := f q tjS X(ds), tG [0,1]. 

Jo 



the canonical pairing, 
h t n(dt). 



We denote by (•, •) : C([0, 1]) x M([0, 1]) h 

:= 

where a continuous function k G C([0, 1]) is identified with fc t eft G M([0, 1]). We consider 
X,H G M([0, 1]) such that: 

(QA,/i) = 0, (QA, A) + (Qfijfj,) = 1. (3.1) 



We set for all u G C([0,1] 
-l 



7(w) := 



a(o>) := 



w s A(ds), A t := QA(t), tG [0,1], / := (QA,A), 



o 



u a nida), M t := Q/i(t), t€[0,l], 1- / = (Q/i,/i), 



and we notice that 7(X) ~ iV(0, 1), a(X) ~ iV(0, 1 — /) and {^(X), a(X)} are independent 
by (|3.1jl . We fix a constant k G R and if I < 1 we define the continuous processes 

Y t := X t + (At + M t ) (k - a(X) - 7 (X)) , t G [0, 1], 



1 



1 



M t (rc-a(X)- 7 (X)), t€[0,l]. 



Lemma 3.1. Suppose that I < 1. T/ien /or a// bounded Borel : C([0, 1]) 

E[*(y)] = E[$(Z)p(Z)], 

where for all u G C([0, 1]): 



(3.2) 



p(w) := 



1 



exp 



1 1 



(7H 



\2 . 1 2 



We postpone the proof of Lemma I3TT1 to section [TUl 

3.2. Proof of Theorem 12.11 If (X, Y) is a centered Gaussian vector and Y i— > R is 
not constant, then it is well known that a regular conditional distribution of X given 
Y = y G R is given by the law of 

where a X y = E(XY), a YY = E(y 2 ). 



0~YY 



We apply this property to X = (/3 t , t G [0, 1]) and to 1" = /0 /?. Notice that for all t G [0, 1]: 



E 



A / Prdr 



t(l-t) 



E 



o 

l - -'■ 

/3 r dr 



o 



1 

12' 
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Therefore, for all c£l, a regular conditional distribution of the law of j3 conditioned to 
J (3 = c is given by the law of the process: 



& c := + 6t(l-t) (c-£(3\ , te[0,l). 



(3.3) 



Lemma 3.2. Let cel. For all bounded Borel $ : C([0, 1]) 

-i 



E 



HP) 



(3 = c 



E [$(/3 c 



E 



t G [0,1/3] U [2/3,1] 
t G [1/3,2/3] 



-v8 



where for all U) G C([0, 1]) 



n 



Wi + 18(9* (1 -t) - 2) c 



id 



(3.4) 



27 exp -162 



I CJ 1 + CJ2 \ 

(iO r +LU!- r )dr + — ^ 1-0 + 6 ^ 



Proof. We shall show that we are in the situation of Lemma 13. II with X = (3, Y = (3 C and 
Z = T@ . In the notation of Lemma 13.11 we consider 

8i(dt) + 52(dt)\ 



\(dt) := V12 l [0 i ]u[ | >1] (t)ttt + 



6 



/ 5i(dt) +Si(dty 
fi(dt) := Vl2 lji^t) dt - -S S 



and K := \/l2c. Then: 



2 ' 3 



7 (/3) =Vl2 (p r + -pi)dr + Vl2 (f3r + ^Pi)dr, I 



2 ' 3 



26 
27 



a(/3) = Vl2 // (^.-i^-I^jdr, 



A/ 



2V3 



M t = V^^l - t) 

The desired result follows by tedious direct computations and from Lemma 13. 11 
Lemma 3.3. For all bounded Borel <3? : C([0, 1]) h-> R and / :1hR 

E[*(e)/«e,l»] = j™21^n${V c ) p c (V c ) l Ko (V c )] f(c)dc 



□ 



(3.5) 



Proof. Define {B,b,B}, processes such that: 

(1) B and B are independent copies of a standard Brownian motion over [0, 1/3] 

(2) conditionally on {B,B}, 6 is a Brownian bridge over [1/3,2/3] from -B1/3 to -B1/3. 
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We set: 



( B t 

h 



t G [0, 1/3] 
t€ [1/3,2/3] 



_ 5i_ t t€ [2/3,1]. 

Moreover we set, denoting the density of N(0,t)(dy) by Pt{y)' 



J)l(cJ2 — Wl) 



V3 



cxp 



-— (U!2 — Wl 
2 ^ 3 3' 



Pi(0) 

By the Markov property of /?: 

E[$(r)p 2 (r)] = E[$(/3)]. 
Then, recalling the definition of /) c above, by Lemma 13. II and Lemma 



w€C([0,l]). 



E[$(/? c )] = E 



pi 



E[$(r) Pl (r) P2 (r r )] = 9 E[<i>(r> c (r r )] e 



6c- 



We recall now that F(J3 G Kg) = 1 - exp(-2e 2 ) ~ 2e 2 as e — ► 0, where ET £ = {u G 
C([0, 1]) : u > -e}. We want to compute the limit of ^ E [$(/? c ) 1^(/3 C )] as e -» 0. On 

the other hand P(5t > -e,Vt G [0, 1/3]) ~ «/f e by (|93|) . Then by JSUJI and (|9T2|) 



2e 2 



E[<D(/? C ) U £ (/? c )] 



27 



7T 



E[d>(F c ) /(y c ) l^ (n]e 6c • 



(3.6) 



On the other hand, (3 conditioned on K e tends in law to the normalized Brownian excursion 
(et,t G [0, 1]), as proven in [7]. Then we have for all bounded / G C(R): 

^wnxMsmm - E[*( e )/(( e ,i»] 

Comparing the two formulae for all / G C(R) with compact support: 

JLe [$(/?) 1^/3) /((/?, 1))] = / ^EMP c )l Ke ((3 c )]f(c)N(0,l/l2)(dc) 

- ^°°27y / jE[$(n p c (y c ) 1^^)] /(c) dc = E[*(e)/«e,l»] 

□ 



and (|3.5p is proven. 

Proof of Theorem \2.1\ It only remains to prove the positivity assertion about the density. 
Notice that a.s. V t c > for all t G [0, 1/3] U [2/3, 1], since a.s. m > 0: therefore a.s. 

{T// > 0, Vt G [0, 1]} = {V t c > 0, Vt G [1/3,2/3]}. 

The probability of this event is positive for all c > while it is for c = 0, since Jq V® dt = 
0. In particular p/ e> i)(0) = 0. Finally, P( e> i)(c) > yields also Z c > if c > 0. The other 
results follow from Lemma 13.31 □ 
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4. The linear equation 
We start with the linear Cahn-Hilliard equation, written in abstract form: 

dZ t = - A A D Z dt + B dW t , 

(4.1) 

Z (x) = xGL 2 (0,l), 
where W is a cylindrical white noise in L 2 (0, 1) and 

D{B) := #2(0,1), B:=V2^, D(B*) := H\0, 1), B*:=-V2^, 

and we notice that BB* = —2A. We define the strongly continuous contraction semigroups 
in L 2 (0,1): 

S t ■= e ~ tAAD , S* t := e- tA ° A , t>0. (4.2) 

We stress that S and S* are dual to each other with respect to (•, -)l but not necessarily 
with respect to (•, -)h- Then it is well known that Z is equal to: 

Z t {x) = S t x + / S t - s BdW s 
Jo 

and that this process belongs to C([0, oo); L 2 (0, 1)). Notice that 

(Z t (x),l) L = (x,S* t l)L+ [\B*S* t _ s l,dW s ) L = (x,l) L , (4.3) 

Jo 

since S^l = 1 and B*S*1 = B*l = 0. In particular, the average of Z is constant. Now, the 
L 2 (0, l)-valued r.v. Zt(x) has law: 



Notice that: 



Z t {x) ~N(S t x,Qt), Qt := [ S s BB*S* s ds. 

Jo 



^Ssi-Ao)-^: = S S (2A)S* S = -S S BB*S* S = - Q s 
as as 



so that, recalling that Qd '■= (—Ad) l : 

Qt = Qd - S t Q D S* tl t>0. 

If we let t — > oo, then (Sth, U)l — * (1, h) l (1, k) l for all h G -^ 2 (0, 1). Therefore the law of 
^(x) converges to the Gaussian measure on L 2 (0, 1): 

H C := M{c- a.Qoo), Qoo = Qd - — Qjl(8)Qj)l, (4.4) 

(VDl, 1)l 

with covariance operator and mean c • a G L 2 (0, 1), where 

c = x=(x,l) L , ae:= 60(1-0), 5 €[0,1]. 

Notice that the kernel of Qoo is {tl : t G M} and therefore /x c is concentrated on the affine 
space L 2 . Finally, we introduce the Gaussian measure on L 2 (0, 1): 

/i := jV(0, Qd), (4.5) 

recall (12. 5p . In this case, the kernel of Qd in L 2 (0,1) is the null space, so the support 
of fi is the full space L 2 (0, 1). The next result gives a description of \i and fi c as laws of 
stochastic processes related to the Brownian bridge (f3g,6 G [0, 1]). 
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Lemma 4.1. Let (/3e)ee[0,il a Brownian bridge from to 0. Then fi is the law of (3 and 
fi c is the law of the process j3 c defined in f|3 .3|) . i.e. of (3 conditioned to {f^ j3 = c}, c G R. 

Proof. By (|2.5p we have that the is given by a symmetric kernel (0Aa—9a, a, 6 £ [0, 1]). 
Since K(f3tPs) = t A s — ts, for all t,s E [0, 1], then it is well known that /i = Af(0, Qd) 
coincides with the law of (3. Analogously, the covariance of (3° is by f|3.3[) 

E(/3°/3°) =t As -is -3i(l -i)s(l - s), t,s£ [0,1]. 

By the definition of Qoo in (|4.4p . this is easily seen to be the kernel of Qoo, so that 
Ho = Af(0, Qoo) is the law of /3°. By the definitions of \i c = N(c&, Qoo), (3 C and a, we find 
that ii c is the law of j3 c = (3° + ca. □ 

In particular, (i c is a regular conditional distribution of n(dx) given {x = c}, ie: 

Hc(dx) = /j,(dx\x = c) = n(dx\Lc). 

Recall (|2.8p . Then we have the following result: 

Proposition 4.2. Let c £ R. T/ie bilinear form: 

A c (v?,V0 := / (V Ho (p,V Ho ^)Hdfi c = / (-AV<p,Vi/)) L dfic, V 99, V G Exp A (H), 

is closable in L 2 (/i c ) and the process (Zt(x) : t > 0, x £ H c ) is associated with the result- 
ing symmetric Dirichlet form (A C ,D(A C )). Moreover, Lip(H c ) C -D(A C ) and A c (ip,ip) < 

l^LipfiJc)- 

Proof. The proof is standard, since the process Z is Gaussian: see [5j §10.2]. However we 
include some details since the interplay between the Hilbert structures of H and L 2 (0, 1) 
and the different role of the operators A and Ad can produce some confusion. The starting 
point is the following integration by parts formula for //: 



d h ip dfi = J (-A D h,x) L ip(x) fi(dx) (4.6) 

for all ip £ Cfr(H) and h £ D(Ad)- By conditioning on {x = c}, (|4.6p implies: 

d (h-h)f d Ve = J (-A D h,x) L tp(x)nc(dx). (4.7) 

Let now <p(x) := exp(i(x, /i) l) and ip(x) := exp(i(x, k) l), x £ H , h, k £ D(Ar>A). Then: 

E[<p(Z t (x))] = exp (i(S*h,x) L - ^(Qth,h) L ^j 

and computing the time derivative at t = we obtain the generator of Z: 

L(p(x) = tp{x) [-i{A D Ah, x) L + {Ah, h) L ] . (4.8) 
Now we compute the scalar product in L 2 (fi c ;C) between Lip and ip: 

Lip ip dfi c = [ [—i(A[)Ah,x)L + (Ah,h)L]ex.p(i(h — k,x)L)Hc(dx) 
[—(Ah, h — k)L + {Ah, h) £\ exp(z(/i — k, x) £) fj, c (dx) 
(Ah,k) L ex.p(i(h - k,x) L ) Hc(dx) = / (AV<p, ViP)l d/j, c 
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where tp is the complex conjugate of tp and in the second equality we have used (|4,7|) . It 
follows that (L, Exp^(.ff)) is symmetric in L 2 (^ c ) and the rest of the proof is standard. 
□ 



5. The approximating equation 
We consider now the following approximating equation: 

( du £ ' a _ d 2 /d 2 u £ > a (u £ > a + a)-\ d- 

~dF ~ ~W (~de 2 ~ + i J + ~de ' 



u £ ' a (i,0) = u e ' a (t,l) 
s u £ > a (0,9) = x{9) 



d 3 u e,a 



de 3 



■(t,i) = o 



(5.1) 



where e > 0. Notice that this is a monotone gradient system in H: see Chapter 12], i.e. 
(|5.ip can be written as follows, 



dXf 



A (A D X £ ' a - VU £ , a {X £ > a )) dt + B dW t , X £ ' a (x) 



(x + a) HI 



if x € L 2 (0,l) 
otherwise. 



where U ea : H i— ► M + is defined by 

U £ , a (x) : = 

I +oo, 

We define the probability measure on L 2 (0, 1): 

v £ c > a (dx) := — ^ exp(-U Eja (x)) fi c {dx), 

where Z £ ' a is a normalization constant. Now, recalling f)2.8h . we introduce the symmetric 
bilinear form: 



[ (VH ^V Ho ^) H du £ ' a = [ (-AVcp,ViP} L dv £ c > a , V v?,VeExp A (F). 

JH JH 



Notice that this symmetric form is naturally associated with the operator: 

L £ > a p(x) := Lip(x) + (VU £ , a (x),AVp) L , V ip e Exp A (#), x e L 2 (0,1), (5.2) 

where Lip is defined in (14. 8p above. The following proposition states that equation (|5.ip has 
a unique martingale solution, associated with the Dirichlet form arising from the closure 
of (£ £ ' c , Exp A (H)). Moreover, it states that the associated semigroup is Strong Feller. 

Proposition 5.1. Let c G K and e > 0. 

(1) (L £,a , Exp A (H)) is essentially self-adjoint in L 2 (v £ c ' a ) 

(2) (£ £ < a ' c ,Exp A (H)) is closable in L 2 {v e c a ): we denote by (£ £ ^ c , D{£ £ ' a ' c )) the clo- 
sure. Moreover Lip(F c ) C D{£ £ ' a ' c ) and £ £ ' a > c (p, ip) < [<p]l ip{Hc y 



For the proof, see [5] and §9 of [1]. 



□ 
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6. Convergence of the stationary measures 



The first technical result is the convergence of v% ,a as e — > + and then a —* + , and 
in particular the tightness in a suitable Holder space. By Lemma 14.14 Mc is the law of (3 C 
defined in We set if Q = {w G C([0, 1]) : w > -a} and for a > 



,o,a ._ 



/i c ( • | K a ) = law of (3 C condiditioned to be greater or equal to — a. 



This is well defined, since /i c (K a ) > 0, and it is easy to see that t 



,0,a 



as e — > 0, weakly in C([0, 1]). 



(6.1) 



Moreover, since (3 C has the same path regularity as (3, it is easy to see that for all a > 0, 
7 G (0,1/2) and r > 1: 



sup 

e>0 \Jh 



\ x \\p dv £ > a (x) 



WT' r (0,l) 



^ d/u c (x) j < +cx) 



(6.2) 



We also need a similar tightness and convergence result for (vc' a )a>o- We recall the defi- 
nition 

v c := P[e G • |(e, 1) = c], as defined in Theorem 12.11 
Lemma 6.1. As a — > + , fc'° coverges weakly in C([0, 1]) to z^ c anc? 



sup 

a>o V# 



| r ||P dv^ a (r\ 
I J 'IIW'^' 7 '(0,1) c \ ' 



< +oo. 



(6.3) 



Proo/. We use Lemma E2J We recall that E [$(/? c )] = E [$ (r' 3 ) ^ (r^)] for all bounded 
Borel $ : C([0, 1]) *—> M.. Moreover, as proven in the Proof of Lemma 13.31 the law of T@ 
conditioned on K a converges to the law of V c , defined in (|2.2p . i.e. 



lim E 

Q^0 + 



$(1^) | g K a =e[$(v c )}. 



Notice that p\ is positive, continuous on C([0, 1]) and bounded by a constant. Then we 
have 



E 



^ Hw"T> r (0,l) I P ^ Ka 



E 



W^\\ P W ^ l)P i{^)l 



(TP&K a ) 



E P i{TP)l {v ^ Ka) 



< KiE 



IWT' r (0,l) 



< k 2 E 



11-^ 11^77^(0,1) I ^ ^ 



E[ Pl (r^)|r^Gif 

where the last inequality follows from the convergence E [pi(T^) | G K a ] — > E [/Oi(^ c )] > 
0, a — > + . Then it only remains to prove that 



E 



lir^n? i 



SS ¥W^Q < + °°- (6 - 4) 

We start with the numerator. We fix three functions <pi : [0, 1] i— ► of class C°°, such 
that 4>i + 4>2 + 4>z = 1j the support of </>i is in [0, 1/3), the support of fa is in (2/3, 1] and 
the support of 4>2 is in (1/6, 5/6). Then it is enough to estimate 



E 



io5--r /3 n p i 



W-t>T {0,1) 1 {T> 3 £K a ) 



1,2,3. 
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Notice that cp^t 3 = <p x p. We set / = [0,1/3] and we denote by {(3g ,a ,9 G I), resp. 

(m b g ' a ,9 S /), the Brownian bridge from to a over the interval /, respectively the 3- 
dimensional Bessel bridge from b to a over the interval /. Then, denoting by pt the density 
of M(0,t), 

/oo 
E($(/?° ,a , e I) I f3°' a > -a on /) p 2/9 (a) da 
-a 

i 

E($(m^ +a -a,0e ^))ft/9(a) da 

where in the former equality we use the Markov property of (3 and in latter the equality in 
law between Brownian bridges conditioned to be positive and 3-dimensional Bessel bridges. 
Then 



E 



1^1 • r/3 Hvi/7,r(o,l) l {T^K a ) 



< E 



Ivi • P\\w~<> r (p,i) 1 W> 

— a on [0,1/3]U[2/3,1]) 



E 



\<pi ■ (m 



a,a+a 



a 



) 



P2/g(a) • la (a) da, 



where 7 Q (a) = P(/3 > —a on [0, 1/3] U [2/3, 1] | /3i/ 3 = a). Then it is easy to conclude that 



sup — tj E 

q>o « 



1^1 • r ll^-y,r(0,l) ^^eATa) 



< +oo. 



By symmetry, the same estimate holds for 993 • T@ . As for c/?2 • r^ 3 , conditioning on the 
values of f3i/ 3 and /3 2 /3 and using an analogous argument, we find similarly that 



sup — ^ E 

a>0 « 



|<^2 • r/3 H^7,r( ,i) 1 (r"ei<- a ) 



< +00. 



We estimate now the denominator of the r.h.s. of (|6.4p . Recall the definition (13. 4p of P* 
for w G C([0, 1]). Notice that 



w > c =>■ < wt, VtE [0,1], 
since 9i(l — t) — 2 > for all i G [1/3, 2/3]. This means that 

f 

h 

P (/q 1 e > c) > 0. Then ([631) is proven 

b.a 



eK a )>¥ (v? e K a , J fi > > P (b € ^ /3 > 
/3 G - e K a ) ~F N e>c^j 2a' 



a 0" 1 



since 



( Jo /? > c I /3 e 



In order to show that f c ' indeed converges to z/ c , it is enough to recall formula 
above and the second result of Theorem 12.11 



□ 



7. A GENERAL CONVERGENCE RESULT 

In this section we recall two results of [2] , which we shall apply in section [8] to the 
convergence in law of the solutions of (|5.ip to the solution of (jl.lj) . These processes are 
reversible and associated with a gradient-type Dirichlet form. Moreover their invariant 
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measures (respectively, v e c ,OL and u c , are log-concave] a probability measure 7 on H is log- 
concave if for all pairs of open sets B, C C H 

log 7 ((1 - t)B) > (1 - t) log 7 (B) +t log 7 (C) ViE (0,1). (7.1) 

If If = R fc , then the class of log-concave probability measures contains all measures of the 
form (here stands for Lebesgue measure) 

1 :=^e- y C k , (7.2) 

where V : H = R fc — > R is convex and Z := J Rfc e~ v dx < +00, see Theorem 9.4.11 in 
PQ, in particular all Gaussian measures. Notice that the class of log-concave measures is 
closed under weak convergence. Therefore, it is easy to see by an approximation argument 
that Vc' a and u c are log-concave. 

We denote by X t : — > H the coordinate process X t (uj) := Ut, t > 0. Then we 
recall one of the main results of [2]. We notice that the support of u c in H is K c , the 
closure in H oi {h £ L 2 (0, 1) : h > 0, (h, 1)l = c}, and the closed affine hull in H of 
is H c . 

Proposition 7.1 (Markov process and Dirichlet form associated with u c and || • \\h )- 

(a) The bilinear form £ = £ Vc ^.\\ H given by 

£(«,«):= / (Vh u, Vh v)h dv c , u,veCl(H c ), (7.3) 

is closable in L 2 {v c ) and its closure (£,D(£)) is a symmetric Dirichlet Form. 
Furthermore, the associated semigroup (Pt)t>o i n L 2 {v c ) maps L°°{v c ) in Cb(K c ). 

(b) There exists a unique Markov family (P x : x E K c ) of probability measures on 
Kc~*~ associated with £. More precisely, K x [f(Xt)] = Ptf(x) for all bounded 
Borel functions and all x G K c . 

(c) For all x E K c , P* (C(]0, +00 [; H)) = 1 and E x [\\X t - x\\ 2 } -> as t [ 0. Moreover, 
P* (C([0,+oo[;F)) = 1 for v c -a.e. x E K c . 

(d) (Pa : x E if c ) is reversible with respect to v c , i.e. the transition semigroup (Pt)t>o 
is symmetric in L 2 (u c ); moreover v c is invariant for (Pt)> i-e. u c (Ptf) = v c {f) for 
all f E C b (K c ) and t > 0. 

Let (P|' Q,C : x E H c ) (respectively (P x : x E *Q) be the Markov process in [0, +00 [ c 
associated to (resp. in [0, +00 associated to u c ) given by Proposition 17.11 We denote by 
P^v := fP x dv^{x) (resp. P„ c := J ' ¥ x dv c {x)) the associated stationary measures. 

With an abuse of notation, we say that a sequence of measures (P n ) on C([a,b]; H) 
converges weakly in C([a,b];H w ) if, for all m E N and hi,...,h m E H, the process 
((X, hi) Hi i = 1, ■ ■ ■ ,m) under (P n ) converges weakly in C([a, b];M. m ) as n — > 00. 

In this setting we have the following stability and tightness result: 

Theorem 7.2 (Stability and tightness). Then, for any x E K c and < e < T < +00, 
lim lim F x ' a ' c = ¥ x , weakly in C([e, T];H W ). 

Proof. This result follows from Theorem 1.5 in [2], where it is stated that the weak 
convergence of the invariant measures of a sequence of processes as in Proposition 17.11 
implies the weak convergence of the associated processes. Since lim Q _ +0 + hm e ^ + v% ,a = u c , 
we obtain the result. □ 



A CONSERVATIVE EVOLUTION OF THE BROWNIAN EXCURSION 



15 



8. Existence of weak solutions of equation (jl.ip 

In this section we prove the following result on weak existence of solutions to equation 
(fTTT|) . We define the Polish space E T := C(O t )xM(O t ) x C(O t ), where O t :=]0, T] x [0, 1] 
and M(Ot) is the space of all locally finite positive measures on ]0, T] x]0, 1[, endowed with 
the topology of convergence on compacts in ]0, T]x]0, 1[. 

Proposition 8.1. Let c > 0, uq = x G K c and u £,a the solution of (|5.ip . Set r] £,a G 
M(O t ), 

Then (u £ ' a , r] £ ' a , W) converges in law to (u, rj, W), stationary weak solution of U.l\) . in 
Et, for any T > 0. The law of u is ¥ x and therefore (u,uq = x G K c ) is the Markov 
process associated with the Dirichlet form (|7.3p . 

We shall use the following easy result: 

Lemma 8.2. Let £(dt,dO) be a finite signed measure on [5,T] x [0, 1] and v G C([5, T] x 
[0, 1]). Suppose that for all s G [5, T]: 

[ h e ((dt,d9) = 0, V he C([0,1]), h = 0, (8.1) 

J [s,T]x [0,1] 



/ vdQ = 0. (8.2) 

■/[s.TlxfO.ll 



and 

v.i = c > 0, 

'[s,T]x[0,l 
T/ien C = 0. 

Proof. Setting h := k -k, k G C([0, 1]), we obtain by (jSU for all 5 < s < t < T: 
k e (([s,t] xd9) = C([s,t] x [0,1]) VieC([0,l]). 



This implies ((dt,d9) = ^(dtjdO, where 7(t) := C([<M] x [0,1]), t G [S,T], is a process 
with bounded variation. Then by 



= / vd(= f ( ! v.(0) dO) j(ds) = c ( 7 (t) - 7 (s)), 

J [s,i]x [0,1] is VO / 

i.e. 7(t) — 7 (s) = 0, since c > 0. □ 
Proof of Proposition 18.11 Recall that P|' a ' c is the law of u £ ' a if Uq 01 = x. By Theorem 
17.21 and Skorohod's Theorem we can find a probability space and a sequence of processes 
(v £ ,w £ ) such that (v £ ,w £ ) — ► (f,w) in C(Ot) almost surely and (u e ,w e ) has the same 
distribution as (u £ , W) for all e > 0, where Ot :=]0, T] x [0, 1]. Notice that u > almost 
surely, since for all t the law of Vt(-) is 7 which is concentrated on if and moreover t> is 
continuous on Ot- We set now: 

rf(dt,d6) := ^f(v £ t (9)) dtd9. 

From (|5.ip we obtain that a.s. for all T > and /i G D(A 2 ) and /i = 0: 

3 lim / h e ri £ (dt,d9). (8.3) 
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The limit is a random distribution on Ot- We want to prove that in fact rf converges as a 
measure in the dual of C{Ot) for all T > 0. For this, it is enough to prove that the mass 
t] £ (Ot) converges as n — ► oo. 

Suppose that {^(Ot)}™ is unbounded. We define ( £ := rf /i] £ (Ot)- Then ( £ is a prob- 
ability measure on the compact set Ot- By tightness we can extract from any sequence 
e n — ► a subsequence along which £ e converges to a probability measure £. By the uniform 
convergence of t> e we can see that the contact condition J Qt v d£ = holds. Moreover, di- 
viding (|5l|) by r] £ (0 T ) for t G [0, T], we obtain that j Qt hg ((ds, d9) = for all h G D(A 2 ) 

with h = and by density for all /i G C([0, 1]) with h = 0. 

Then £ and tj satisfy (|8.ip and (|8.2p above, and therefore by Lemma 18.21 £ = 0, a 
contradiction since £ is a probability measure. Therefore limsup n _ >OQ t] £ (Ot) < oo. 

By tightness, for any subsequence in N we have convergence of rf to a finite measure rj 
on [0, T] x [0,1] along some sub-subsequence. Let 7/j, i = 1,2, be two such limits and set 
£ := 771 — 772- By (|8.3p and by density: 

/ h em (dt,d9) = [ h e r) 2 (dt,d0), Wh G C([0, 1]), )» = 0, 

i.e. C and i> satisfy (|8.ip and (|8.2p above. By Lemma IST21 £ = 0, i.e. 771 = 772. Therefore, r/ £ 
converges as n — > 00 to a finite measure rj on ]0, T] x [0, 1]. It is now clear that the limit 
(u,rj,W) satisfies (|2.6p . 

Finally, we need to prove that the contact condition holds, i.e. that f, Q ^vdrj = 0. 
Since / > and /(it) > for u > 0, then it /(u) < for all u G R. Then for any continuous 
positive ip : (0, 1) 1— > R with compact support 

> / </3 u £ cfrf — ► / </j v cir/ 

J[0,T]x[0,l] J[0,T]x[0,l] 

by the uniform convergence of v £ to w and the convergence of rf to 77 on compacts. Since v > 
and 77 is a positive measure, then Jj Q T j x [ ^ t> dr/ < is possible only if Jj Q T i x r ^ v dr/ = 
' ' " ' ' ' " □ 



9. Conditioning the Brownian meander to have a fixed time average 



In this section we prove an analog of Theorem 12.11 for the standard Brownian meander 
(mt,t G [0,1]). We set (m, 1) := J Q m r dr, average of m. Let B a standard Brownian 
motion such that {m, B} are independent and let c > be a constant. We introduce the 
continuous processes: 

m 2t , t€ [0,1/2] 



u f 



V2' 



1 



m 



—= mi+ B. 1 

v 7 ^ * 2 



7J t , 



t€ [1/2,1], 
t G [0, 1/2] 



n t + (12 1 (2 - t) - 9) 



t G [1/2,1]. 



Notice that Jq Ujr dt = c. 
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Theorem 9.1. Setting for all c > 



PRl>(c) := \ — E 



-12 



(/ 1/a (lWf /a ) 



dr- 



1 



{t/ t c >o, vte[o,i]} 



and for all bounded Borel $ : C([0, 1]) h- * R and c > 



E [$(m) | (m, 1) = c] := 



E 



{(7 t c >o, vte[o,i]} 



where Z c > is a normalization factor, we have 

(1) P(m,i) i s the density of{m,l), i.e. 

P((m, 1) G dc) = P( m ,i)(c) l {c >o} dc. 

Moreover p/ m ,i) *s continuous on [0, oo), P( m ,i)( c ) > /or a// c G (0, oo) and 
P( m ,i>(°) = °- 

(2) (P [m G • | (m, 1) = c] , c > 0) is a regular conditional distribution ofm given (m, 1), 
i.e. 

P(m G • , (m, 1) G dc) = P [m G • | (m, 1) = c] p< m>1 ) (c) l {c>0} dc. 

In the notation of section [3TT| we consider X = {Bt,t G [0, 1]), standard Brownian motion. 
It is easy to see that for all t 6 [0,1]: 



E 



B* / B r dr 



t(2-t) 



E 



1 \ 2 

B r dr 



o 



1 

3' 



Therefore, it is standard that for all c G M, B conditioned to f^B = c is equal in law to 
the process: 

B c t := Bt + lt(2-t)(c- f b), te[0,l\. 



Lemma 9.2. Let c G R. For all bounded Borel $ : C([0, 1]) 



E 



where 



St := < 



/ B = c = E [$(B C )] = E [$ (S) p(S)} , 
Jo J 

{ B t , t€ [0,1/2] 

Bt + (12t(2-t)-9)(c- J b\, t 6 [1/2,1] 



p(u) := V8 exp -12 



uj t + uj i\ dr — c H — c 



W€C([0,1]). 



Proof. We are going to show that we are in the setting of Lemma 13.11 with X = B, 
Y = B c and Z = S. We denote the Dirac mass at 9 by 5g. In the notation of section [37T] 
we consider: 

\{dt) := V3 U[ , i] (t) dt + ^di (dt) \ , n(dt) := V3 (l { i ^ (i) dt - ^ Si (dt) \ , 
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and k := ^/3c. Then: 

7(o») = V3 / (uj r dr, a{uo) = \f?> J (uj t - wi j dr, 



7(0;) + a(ui) = V3 / u r dr, 



A, 



VSt(l--}, t€ [0,1/2] 



3^/3 



fe [1/2,1]. 



7*< 



1 — r) dr 



{ 0, t G [0, 1/2] 



V3t[l-- 



A 3^/3 



t€ [1/2,1]. 



Tedious but straightforward computations show that with these definitions we have X = 
B, Y = B c and Z = S in the notation of Lemma 13.11 and (|3.ip holds true. Then the 
Lemma 19.21 follows from Lemma 13.11 □ 



Lemma 9.3. For all bounded Borel $ : C([0, 1]) h-> R and / : 



E[$(m)/«m,l»] 



00 / 24 
— E 

7T 



{^ t c >o, vte[o,i]} 



f(c)dc. 



Proof. Recall that m is equal in law to B conditioned to be non-negative (see [7j and (|9.ip 
below). We want to condition B first to be non-negative and then to have a fixed time 
average. It turns out that Lemma 19.21 allows to compute the resulting law by inverting 
the two operations: first we condition B to have a fixed average, then we use the absolute 
continuity between the law of B c and the law of S and finally we condition S to be 
non-begative. 

We set K e := {uo G C([0, 1]) : uj > —e}, e > 0. We recall that B conditioned on 
K £ tends in law to m as e — > 0, more generally for all s > and bounded continuous 
<3? : C([0, s]) 1— > R, by the Brownian scaling: 



lim E 

e^0 



$(B t , t G [0,s]) B t > -e, Vt € [0, a]J = E [$ (^m t/s , t G [0,s])] , 
and this is a result of [7]. By the reflection principle, for all s > 0: 

P(5 t > -e, Vt G [0,a]) = P(|B,| < e) 
In particular for all bounded / G C(R) 

¥l 




0. 



7T S 



(9.1) 



(9.2) 



E[*(m)/«m,l»] = linj n --E[$(B)k E (B)/((8,l))]. 
e^o v 2 e 

We want to compute the limit of \ E [$(5°) lir £ (-B c )] as e — ► 0. Notice that S", defined in 
Lemma EOS is equal to £ on [0, 1/2]. Therefore, by and (JO]) with s = 1/2: 

y|iE[*(B c )ljc e (B c )] - V2EmiI c )p(U c )l Ko (U c )]. 
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Comparing the last two formulae for all / G C(M) with compact support: 



7T 1 
2 £ 



E[$(5) l* e (5)/«fl,l»] 



7T 1 

2 £ 



E[$(B c )l^(5 c )]/(c)iV(0,l/3)(dc) 



E 



f(c)dc = E{<S>(m)f((m,l))] 



and the Lemma is proven. 



□ 



Proof of Theorem 19.11 The results follow from Lemma 19.31 along the lines of the proof 
of Theorem 12.11 □ 

It would be now possible to repeat the results of sections and prove existence of weak 
solutions to the SPDE 

52 / a2„ 



( du d 2 ( d 2 u \ /- d T i r 



du . . d 3 u . . d A u , 
u(t,0) = -(t,l) = w (t,0) = w (t,l) = 



(9.3) 



k u(0,9) =x{9) 

and that such weak solutions admit P [m G • | (m, 1) = c] as invariant measures, c > 0. 



10. Proof of Proposition 13. 1[ 

The result follows if we show that the Laplace transforms of the two probability measures 
in (|3.2p are equal. Notice that Y is a Gaussian process with mean k (A+M) and covariance 
function: 



E [(Y t - k (A t + M^) (Y s — k (A s + M s ))] = g M - (A* + M t ) (A, + M s 



for t,s G [0,1]. Therefore, setting for all h G C([0,1]): Qy/i(i) := ^q\ s h s ds, t G [0,1], 
the Laplace transform of the law of Y is: 



E 



,{Y,h) 



3 K,(h,A+M) + \ (Q Y h,h) 



Recall now the following version of the Cameron-Martin Theorem: for all h G M([0, 1]) 



E 



<S>(X)e {X ' h) ] = e* {Qh ' h) E[$(X + Qh)]. 



Notice that -y(Z) = 7(A), by (J3UJ). Therefore p(Z) = p(X). We obtain, setting h 
h-^j{M,h)(X + p): 



E 



e< z ' h >p(Z)l = e^ M ^E\e^p(X)] = e^ {M ^ h)+ ^ h) E[p {X + Qh)] 



tT ±j{M,h) + ±{Qh,h) 



:E 



_1 1 

e 2 



jij ( 7 (X)+(ft,A>-«) 2 + ^ 2 



By the following standard Gaussian formula for a ~ N(0,a 2 ), a > and c G R: 
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we have now for j(X) ~ N(0,I): 



E 



\ «A,A>- 



Therefore, recalling the definition of h := h — j^j(M,h)(X + fi), we obtain after some 
trivial computation: 

1 



logE 



P(Z) 



T ^ J (M,h) + ^(Qh,h)-^ {(h,A) 



1 



k(A + M,h) + -(Qh, h) - (A + M, h) 2 
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